Abstract: A deformation of special relativistic kinematics (possible signal of a theory of quantum gravity at low energies) leads to a modification of the notion of spacetime. At the classical level, this modification is required when one considers a model including single-or multi-interaction processes, for which absolute locality in terms of canonical space-time coordinates is lost. We discuss the different alternatives for observable effects in the propagation of a particle over very large distances that emerge from the new notion of spacetime. A central ingredient in the discussion is the cluster decomposition principle, which can be used to favor some alternatives over the others.
Introduction
We start from the classical notion of spacetime based on the theory of Special Relativity (SR). The invariance of the equations of motion for different inertial reference frames related by Lorentz transformations (relativity principle) led Einstein to go from the notion of absolute time and space to the notion of spacetime in SR. Together with this notion of spacetime, one has the SR kinematics of particle processes: the energy of a particle is determined by its mass and the momentum of the particle (dispersion relation), and the invariance under spacetime translations implies energy-momentum conservation laws where the total energy-momentum of a system of free particles is the sum of the energy-momentum of each particle.
At the quantum level, one finds that a relativistic quantum field theory is the quantum theory of relativistic particles with interactions compatible with SR kinematics and the property of cluster [1] . For a pedagogical discussion of the derivation of relativistic quantum field theory as the only consistent framework for a relativistic quantum theory, see Ref. [2] , where one can read:
• "... quantum field theory ... is the only way to reconcile the principles of quantum mechanics (including the cluster decomposition property) with those of special relativity." Steven Weinberg, The Quantum Theory of Fields, Preface to Volume I.
• "It is one of the fundamental principles of physics (indeed, of all science) that experiments that are sufficiently separated in space have unrelated results... In S-matrix theory, the cluster decomposition principle states that if multiparticle processes .. are studied in ... very distant laboratories, then the S-matrix element for the overall process factorizes." Steven Weinberg, The Quantum Theory of Fields, Volume I, pg. 177.
Spacetime is introduced in the quantum theory through the combination of creation-annihilation operators required to implement the cluster decomposition principle (see, for example, Ref. [3] ). Einstein once more showed that if one wants at the classical level to include the gravitational interaction in a theory of relativistic particles, one has to go from special relativity to general relativity [4] . But at the quantum level we do not know how to include the gravitational interaction consistently in arXiv:1911.12700v1 [hep-th] 28 Nov 2019 the framework of quantum field theory [5] . We still do not have a well-defined quantum theory of gravity [6] .
The role of spacetime changes drastically when one goes from special relativity to general relativity. In special relativity one has a fixed geometry but in general relativity the geometry of spacetime is a dynamical degree of freedom. This leads to consider the possibility that in the low-energy limit of a quantum theory of gravity the notion of spacetime and the related symmetries (Poincaré invariance) are deformed [7] .
One can follow two different paths to explore this possibility. At the quantum level one can try to implement in a quantum field theory framework the interaction of particles with a deformed relativistic kinematics and a possible deformed version of the cluster decomposition principle. A conjecture is that this will be associated to a noncommutative generalization of the notion of spacetime. This has led to explore the formulation of quantum field theory in a noncommutative spacetime. In the case of canonical noncommutativity (commutator of spacetime coordinates commuting with spacetime coordinates) one can follow the Weyl quantization method and give a systematic perturbative formulation of the noncommutative QFT [8] [9] [10] [11] . One finds a modification of the UV behaviour of the theory due to the noncommutativity of spacetime and a mixing IR/UV due to the nonlocality of interactions, while it is possible to find fully renormalizable models on Moyal space [12] [13] [14] . In the case of a Lie algebra noncommutative spacetime (κ-Minkowski), there are new ambiguities when one tries to apply the Weyl quantization [15] [16] [17] [18] [19] [20] [21] [22] [23] , and the consistency of a formulation of a quantum field theory as well as the identification of the consequences of the noncommutativity of spacetime are open questions.
The other path to explore the modification of the notion of spacetime is to implement at the classical level a deformation of the SR kinematics (modification of the energy-momentum relation and/or modification of the total energy-momentum of a system of free particles in terms of the energy-momentum of each particle) in a model for the interaction of particles and try to see which is the associated notion of spacetime in this framework. This is the path that we will follow in this work identifying the main obstacles and the different alternatives to overcome them.
A particular objective of this study is to try to answer the question of whether there will be observable effects of deformation of the notion of spacetime when considering the propagation of particles over very large distances.
Deformation of SR kinematics
By SR kinematics we understand the restrictions on the momenta of the particles that participate in a process. We assume that these particles can be separated in two groups, in-state (t → −∞) and out-state (t → ∞), and that, in each of these states, particles are separated by sufficiently large distances so that we can neglect any interaction between them and the total energy (momentum) of the in and out states is just the sum of the energies (momenta) of the particles in each state. A restriction on the momenta of the particles comes from the equality of the total momentum of the in and out state. The other restriction is obtained from the equality of the total energies of the in and out state when one uses the expression for the energy of a free particle (E) with a momentum p and a mass m, E = p 2 + m 2 . Those restrictions (conservation of momentum and energy) are a consequence of the space and time translational invariance.
We will consider a deformation of SR kinematics defined by a new scale (Λ) of energy or momentum (we work in units where c = 1 and then energy, momentum and mass have the same dimension). There are two ways to introduce the deformation of SR kinematics: 1) one modifies the expression of the energy of a particle with a given momentum to a Λ-dependent expression such that in the limit ( p 2 /Λ 2 ) → 0 one recovers the SR expression, 2) one modifies the expression of the total momentum (energy) of the in and out states in terms of the momenta (energies) of the particles in those states. We will refer to the two ways to introduce the deformation as deformed dispersion relation (DDR) and deformed composition law (DCL), respectively. In the general case one can consider simultaneously the two deformations. In fact, if one wants to preserve the invariance under (a deformed implementation of) Lorentz transformations, one has to combine the two deformations in an appropriate way. When the scale Λ of the deformation is identified as a maximum energy or momentum for the possible states of a particle, one has what is known as double special relativity (DSR) [24] [25] [26] [27] .
When the deformation of the kinematics involves a DDR, but the standard undeformed additive composition law of momenta, a consequence of the introduction of a new scale Λ in the expression of the energy of a particle in terms of its momentum is that the Lorentz invariance of SR is lost (Lorentz invariance violation, or LIV). One has a set of reference frames connected by rotations 1 (but not boosts) where the deformed (Λ-dependent) expression of the energy in terms of the momentum of the particle is valid. The conservation of momentum (energy) in SR kinematics is automatically incorporated in the quantum theory framework through locality (an action which is a space-time integral of a Lagrangian density at each space-time point depending on fields and derivatives of the fields at each point). When the deformation of SR kinematics does not involve a modification of the expression of the momentum (energy) of the in and out states in terms of the momenta (energies) of the particles, one can still have an implementation of the deformation in a local quantum theory framework [28] . In the LIV framework, the notion of spacetime in the quantum theory is not affected by the deformation of the kinematics.
When the deformed kinematics involves a DCL, as in the case of DSR, the implementation of the deformation in a quantum framework will require to go beyond local quantum field theory, and the corresponding simple notion of spacetime is lost. Lacking a good candidate for the deformation of a local quantum field theory, we turn to the classical framework and try to extract a modified notion of spacetime from a formulation of a model for a process which implements a DCL.
In the derivation of relativistic quantum field theory, a crucial role was played by the cluster decomposition principle. At the classical level, this principle implies that processes that are sufficiently separated in space can be treated independently. In order to proceed with the identification of the notion of spacetime we have to be more specific about what we mean by a process.
Single-interaction process
The simplest way, the one we advocate in this work, to define a process at the classical level is through one interaction involving all the particles in the in and out states.
We just consider interactions with no more than two particles in the initial state and, since at the classical level the particles in the final states are those of the initial state, then we have just one possible interaction with two particles in the initial and final states. We define the interaction through the conservation of the momentum and energy in the interaction. This leads to a model defined by the action
whereȧ . = (da/dτ) is a derivative of the variable a with respect to the parameter τ along the trajectory of the particle, x −(i) (x +(j) ) are the spacetime coordinates of the in-state (out-state) particles, p −(i) (p +(j) ) their four-momenta, P − (P + ) the total four-momentum of the in-state (out-state), C(k) the function of a four-momentum k defining the DDR, ξ µ are Lagrange multipliers that implement 1 We are assuming the energy is a function of the modulus of the momentum. A more general case would involve a dependence on the direction of the momentum. In this case one also looses the invariance under rotations. the energy-momentum conservation in the interaction, and N −(i) (N +(j) ) Lagrange multipliers implementing the dispersion relation of in-state (out-state) particles.
The conditions for the action to be stationary arė
which is telling us that the momentum-energy of each particle is a constant along its trajectory and that there is a relation between the four-velocity and the four-momentum determined by the (deformed) dispersion relation. One also has
which define the (deformed) kinematics, and
which fix the end (starting) spacetime coordinates of the trajectories of the in-state (out-state) particles.
The solutions (trajectories of particles) are determined by a choice of constant four-momenta (p
) compatible with the (deformed) kinematics equations (3) and the four constants ξ µ (interaction vertex). The presence of the four arbitrary constants ξ µ in the solutions is just a consequence of translational invariance.
When the deformation of the kinematics only affects to the dispersion relation one has
and then one has
There is a crossing of the trajectories of all the particles at a point with spacetime coordinates ξ µ . The interaction defines a point in spacetime as in the case of SR.
If there is a DCL
the trajectories of the particles do not cross and the interaction does not define a point in spacetime unless ξ µ = 0; in this case,
(0) = 0 and all the trajectories cross at the origin. Different choices of ξ µ just correspond to different observers related by translations. We have lost the locality of the interactions except for an observer whose origin coincides with interaction vertex [29, 30] . This is in contrast to the case with no deformation of the composition law, where the interaction is local for all observers.
One can ask what happend to the Lorentz invariance of SR kinematics after the introduction of the deformation. If the deformation does not introduce any direction in space (isotropic deformation) then in the general case we will just have a rotational invariance but the invariance under boosts is lost. But if the deformation in the dispersion relation (determined by C(k)) and the deformation in the composition law (expression of the total four-momentum in terms of the four-momenta of each particle) are appropriately chosen [31, 32] then one has relativistic deformed kinematics with observers related by Lorentz transformations having the same equations for the kinematics. The deformation requires that the boosts act nonlinearly on the four-momenta of the particles [33] . A simple example of a relativistic deformed kinematics is [34] P 0 = p
Let us go back to the issue of the loss of locality due to a DCL. This is telling us that the interaction is not defining a point in canonical spacetime (we are using phase space coordinates x µ , p µ for each particle so that the term in the action corresponding to the propagation of a free particle is just x µṗ µ ). In Ref. [35] , the question of whether it is possible to find new spacetime coordinates such that the interaction is local (all particles have the same new spacetime coordinates at the interaction τ = 0) is addressed with an afirmative answer. The new spacetime coordinates arẽ
(k) determined by the DCL. From this result one concludes that the interaction defines new (correlated) spacetime coordinates (x (1) ,x (2) ) for a two-particle system which differ from the canonical spacetime coordinates (x (1) , x (2) ) due to the deformation of the composition of momenta. When the (modulus of the) components of one of the four-momenta (for example p (2) ) are much smaller than the scale of deformation Λ, then the new spacetime coordinates of the other particle reduce tox α
ϕ α µ (p (1) ). The correlation is lost but the new spacetime coordinates still differ from the canonical spacetime coordinates (x (1) ).
We can now consider the consistency of the classical model with a deformed kinematics with the cluster decomposition principle. We have implicitly used this principle when we considered the process with just one interaction, independently of the interactions which would produce the particles in the in-state and the interactions used to detect the particles in the out-state. This is justified by the large distances of these interactions with respect to the single-interaction of the process. But the identification of the coordinatesx as the physical spacetime coordinates implies a correlation of the particles even when they are separated by large distances. Then the propagation of one particle depends on the four-momentum of a particle which is separated by a very large distance. This is not consistent with the assumption that processes separated by large distances can be treated independently. In fact, if we consider the propagation of a free particle as a process then we should be able to treat the propagation of the particles in the in-state (or those in the out-state) independently when they become separated by very large distances. Then the expressions for the correlated two-particle space-time coordinates (x (1) , x (2) ) should apply at short distances from the interaction vertex but there should be a transition from this correlated two-particle space-time coordinates to a system of uncorrelated space-time coordinates. This transition where the correlation is lost is still compatible with a modification of the notion of spacetime due to the deformation of the kinematics if we assume that the physical space-time coordinates for a particle separated by large distances from any other particle arẽ
This will be the assumption we will use to study the possible observable effects of a deformation of SR kinematics in the propagation of a particle over very large distances.
Multi-interaction process
In Ref. [36] , a multi-interaction process was considered, defined as a transition between an in-going and an out-going state involving several interactions. Each interaction combines some of the particles in the in-going and out-going states together with particles propagating between different interactions.
To avoid irrelevant notation complications we just consider a process with two two-particle interactions which transform a three-particle in-going state with phase coordinates (x −(i) , p −(i) ) onto a three-particle out-going state with phase space coordinates (x +(j) , p +(j) ). Only two of the three in-state particles (i = 1, 2) participate in the first interaction, and only two of the out-state particles in the second interaction (j = 2, 3). There is one additional particle, with phase space coordinates (y, q), which is produced in the first interaction and participates in the second interaction. The action which generalizes the action considered in the single-interaction process (1) is
where we have introduced the notation (k ⊕ p ⊕ q) for the total four-momentum of a system of three particles with four-momenta (k, p, q).
The condition for the action to be stationary under changes δx µ (τ) and δp µ (τ) leads tȯ
The deformed kinematics is defined by
which are derived when one considers the variations δN − , δN + , δN, δξ µ , δχ µ , and, from the variations
, one also has
The equations of the kinematics allow to determine the four-momentum q and give restrictions between the momenta of the in-state and out-state particles as in the case of the single-interaction process. One also has relations between the four-velocities of the in-state and out-state particles and their momenta.
The new ingredient due to the presence of two interactions is that, on the one hand, from equation (12) for the four-velocity of the particle propagating between the two interactions, and usinġ q = 0, one has
and from equations (14) for the end points of the trajectory of the particle propagating between the two interactions,
Combining both equations, we get a relation for the coordinates of the two vertices,
Then, although there are two vertices, the difference of coordinates of the two vertices is fixed and one has a set of solutions depending on four arbitrary constants (ξ µ ) as in the case of the single-interaction process, which reflects the invariance under translations. There is one observer (for which ξ µ = 0) that sees the first interaction as local but not the second one, and another observer related by a translation (for which χ µ = 0) seeing the second interaction as local but not the first one. For any other observer both interactions are not local. This is what is known as relative locality.
In a recent work [37] , the possibility to have a non-linear implementation of Lorentz transformations connecting the different solutions of the two-interaction process has been worked out in detail.
Observable effects in the propagation of a particle over very large distances
We do not have any signal of a deformation of SR kinematics in laboratory experiments. This can be due to the small values of the ratios p 2 /Λ 2 due to our limitations to have very high energy particles and leads to the necessity to look for amplification mechanisms of the effects of the deformation. Besides the use of the extreme sensitivity of reaction thresholds to the SR kinematics, which has been used to put bounds on the scale of deformation when one considers a modification of the dispersion relation [38] , another possibility is to consider the propagation of particles over very large distances assuming that one can have corrections proportional to the distance leading to observable effects. In order to explore this possibility, a model for the effects of a deformation of the kinematics in the propagation of a particle is needed. We consider three alternatives:
1. Model for the propagation based on a DDR. The simplest model for the propagation of a particle is based on neglecting the interaction term in the action (1): the extrema of the action correspond to the solutions ofṗ
The velocity ( v) of propagation of a particle with a given momentum p is
where p 0 is the positive solution of the equation C(p) = m 2 . The dependence of the velocity on the momentum p will be modified with respect to the standard SR relation due to the DDR (deformed dispersion relations appear naturally in the context of κ-Minkowski spacetime, see e.g. Ref. [19] ). In this model for the propagation of the particle, there is no place to effects due to the DCL. The model will lead to a dependence of the velocity of propagation of photons (m = 0) on the energy, which will have consequences on the spectral time distribution. Spectral and timing observations from active galactic nuclei (AGN) and short gamma-ray bursts (GRB) have been used to get bounds [39] [40] [41] [42] [43] [44] [45] on the scale of deformation Λ of the order of the Planck scale, although some analyses cast doubts on such stringent bounds [46, 47] .
2. Model for the propagation based on a DDR and a physical spacetime defined by the DCL. A less trivial model for the propagation of a particle is based on the observation that spacetime coordinates should be defined by the crossing of worldlines in the interaction of particles. This, together with the decoupling of particles at very large distances due to the cluster decomposition principle, leads to identify the linear combinations of the canonical spacetime coordinates with coefficients depending on momentum variablesx
as the physical spacetime coordinates. In this case one has a velocity of propagation for a particle with a given momentumṽ
The dependence of the velocity on the momentum is determined by the DDR (through C(p)) and also by the DCL (through ϕ α µ (p), which is determined by the DCL). Both ingredients of the deformation of SR kinematics have to be considered in the propagation of a particle.
The relation between the DCL and ϕ α µ (p) has been determined to be [35, 48] 
An example of a DDR and DCL leading to a relativistic deformed kinematics is [34] 
so that
and
The dispersion relation C(p) = m 2 gives
and the result for the energy dependence of the velocity is
generalizing the SR result 1 − v 2 = m 2 /p 2 0 . There is no effect of the deformation in the velocity of propagation of photons (m = 0) and the first order correction in an expansion in powers of the inverse of the deformation scale for a massive particle is
which will have consequences on the timing of different signals from an astrophysical transient.
We have not considered, in all the discussion of the model for the effects of a deformation of the kinematics in the propagation of a particle, the arbitrariness in the starting point corresponding to the choice of canonical coordinates in phase space. In fact if one considers new momentum coordinates p µ related nonlinearly to p ν then one will have a new dispersion relation defined by a function C and a new modified composition law ⊕ which are related to the function C and ⊕ by
Then we have
On the other hand, the nonlinear change of momentum variables p → p defines a canonical change of coordinates in phase space with
and then
This means thatx α =x α and then one hasṽ i (p 0 ) =ṽ i (p 0 ). Every relativistic deformed kinematics obtained from (23) by a canonical transformation of coordinates of the form p → p = f (p) (what is usually called a change of 'basis' in momentum space) will not show any effect of the deformation in the propagation of photons, and the modified energy dependence of the velocity for a massive particle can be obtained directly from (27) by using the nonlinear change of momentum variables together with the dispersion relation to express p 0 in terms of p 0 .
The absence of an energy dependence for the velocity of propagation of photons in the model for the propagation of a particle with a relativistic deformed kinematics has not taken into account the expansion of the universe. But this can not be neglected in the propagation over astrophysical distances required to have a possible observable effect.
It is an open question how to combine consistenly a deformation of SR kinematics with the cosmological model based on a curved spacetime. Although some effects have been considered in the propagation of particles in a curved κ-Minkowski spacetime [49] , there are different approaches to include a curvature in spacetime in a deformed relativistic kinematics. This has been done, in the DSR framework, using Finsler spacetimes for curved spacetimes [50] . A different approach was used in Ref. [51] , where the modification is carried out by Hamiltonian geometry (see also Ref. [52] ). In this case, the metric is momentum dependent (the Hamiltonian version of a Lagrange space). The starting point in all of them is a modified dispersion relation, but a key ingredient of a modified relativistic kinematics is a deformed composition law, which does not appear in the previous works. Another approach is considered in Ref. [53] , where the authors try to combine a curvature in momentum space and in spacetime including a modified composition law, generalizing the original relative locality action introducing what they called non-local variables. In any case, it remains to be seen whether the absence of signals of the deformed kinematics in timing measurements applies after the proper inclusion of the expansion of the universe.
3. Model for the propagation based on a DDR, including the interactions at production and detection of the particle that determine the initial and final points of the trajectory through the DCL. The study of the two-interaction process in the previous section suggests to use the results for the trajectory (y µ (τ)) of the particle between the two interactions as a third alternative model for the effects of a deformation of relativistic kinematics on the propagation of a particle identifying the two interactions in the process with the production and detection of the particle. This model has in common with the first simplest model based on neglecting the interaction term in the action (1) that the velocity of propagation of the particle v i =ẏ i /ẏ 0 = (∂C(q)/∂q i )/(∂C(q)/∂q 0 ) will have a momentum dependence determined by the DDR. However, in order to determine the time of flight, one has to consider that the end points of the trajectory of the particles (y µ (τ 1 ), y µ (τ 2 )), and then the length of the path of the particle, depend also on the momentum of the particle and the momenta of other particles participating in the production and detection of the particles. One will have an spectral and timing distribution of gamma-rays from a short GRB which differs from the expectation in SR but one does not have a definite prediction on the effect of the deformation of SR kinematics due to its dependence on details of the production and detection interactions to which we do not have access. On top of these problems, this third model for the effects of a deformed kinematics on the propagation of a particle based on a process with two interactions presents doubts on its consistency. One has to justify why one can consider the process with just two interactions. One can ask about the interactions in the production of each of the three particles in the in-state and the detection of each of the three particles in the out-state. The argument to neglect these interactions is that they are separated by very large distances from the two interactions in the process but if we want to use the model to study the effect of a deformation of SR kinematics on the propagation of a particle over large distances then the two interactions are already separated by a very large distance and then, according with the implementation of the cluster decomposition principle at the classical level, we should treat the process with two interactions as two independent single-interaction processes. The conclusion of this discussion is that the third model for the propagation of a particle is disfavoured with respect to the other two models.
Having discussed the three alternatives for a model for the propagation of particles, we can try to answer the question whether there will be observable effects of the deformation of the kinematics through the distorsion of the temporal-spectral distribution of emision and detection of gamma rays from a given source. Concentrating on the second alternative, the naive answer would be that there is no distortion since photons of different energies propagate with the same velocity, but the problem is not so simple. One has to consider two observers, one whose spatial origin is within the source (whose size is negligible compared with the distance between the source and the detector) and another one within the detector. In order to determine the path of each photon from the emission to the detection it is necessary to identify the transformation (translation) between the two observers.
From the action for the propagation of a photon
one would identify translations with the transformations x µ → x µ + a µ which leave the action invariant. But one can see that the transformationx µ →x µ + a µ , which is not a symmetry of the action, is a transformation that leaves invariant the set of equations (12)- (14) (and then the set of their solutions). There are differences in some equations (as it should be since the action is not invariant) but the differences cancel when the rest of equations are taken into account. There are then two alternatives for the translation between observers. If one takes the first option (the symmetry of the action) then one has a momentum dependent transformation of the spacetime coordinatesx and one concludes that even if the velocity of propagation of photons of different energies is the same in this spacetime, the translation between observers leads generically to a time delay (there are bases in which there is no time delay). This is the perspective which is adopted for the spacetime in the relative locality proposal [54, 55] . On the other hand, if one takes the second option for the translation between observers, the independence on the energy of the velocity of propagation of photons leads to the absence of time delays. This is the perspective of spacetime that we advocate in this work. In a future work we will show how the second alternative for translations emerge from a derivation of the effective model for the propagation of a photon from a model which includes the interactions at the source which produce the photons and the interactions in the detector.
Conclusions and outlook
In this work we have taken as starting point the assumption that a low energy signal of a quantum theory of gravity will be a deformation of SR kinematics based on a classical spacetime. We have discussed from different perspectives how to introduce a modified notion of spacetime associated to a deformed kinematics.
A crucial ingredient in the discussion is the cluster decomposition principle which is at the basis of making possible to do physics with an isolated system. We have presented different classical models corresponding to different identification of spacetime coordinates and to different implementations of the cluster decomposition principle. We have given arguments in favor of one of the options which leads to a model for the propagation of particles over very large distances such that when the deformation of SR kinematics is compatible with Lorentz invariance one finds that the velocity of propagation of photons turns out to be independent of the energy and there are no time delays. While, as indicated in Sec. 5, the experimental situation is not yet clear, we have left open the question of whether this result will still be valid after incorporating the expansion of the Universe.
